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Abstract. We study the action of a real reductive group G on a real 
submanifold X of a Kahler manifold Z. We suppose that the action of G 
extends holomorphically to an action of the complexified group G c and 
that with respect to a compatible maximal compact subgroup U of G c 
the action on Z is Hamiltonian. There is a corresponding gradient map 
Hp : X — > p* where g — 6©p is a Cartan decomposition of g. We obtain a 
Morse like function %, := §||/ip|| 2 on X. Associated to critical points of 
r]p are various sets of semistable points which we study in great detail. In 
particular, we have G-stable submanifolds Sp of X which are called pre- 
strata. In case that [j-p is proper, the pre-strata form a decomposition 
of X and in case that X is compact they are the strata of a Morse type 
stratification of X. Our results are generalizations of results of Kirwan 
obtained in the case that G = U c and X = Z is compact. 



1. Introduction 

In this paper we continue our study of actions of real reductive groups on 
Kahler manifolds [HSch05, HSt05]. Roughly speaking, we extend Kirwan's 
results [Ki84] on actions of complex reductive groups to the real reductive 
case. We also obtain new results in the complex reductive case. 

Let G be a closed subgroup of the complex reductive group H. We say 
that G is real reductive if there is a maximal compact subgroup U of H such 
that K X p — > G, (k,(3) i— > kexpfi is a diffeomorphism. Here K := G n U 
is a maximal compact subgroup of G and p := q D iu where u denotes the 
Lie algebra of U and q the Lie algebra of G. The Lie algebra f) of H is 
the direct sum u © iu. We also say that G is compatible with the Cartan 
decomposition H = U c = U ex.piu of H. In this paper we fix U and the real 
reductive subgroup G C H. 

Assume that H acts holomorphically on a complex Kahler manifold Z, 
that the Kahler form uj is [/-invariant and that there is a [7-equivariant 
moment mapping /x: Z — > u*. For £ G u and z G Z we set yfc(z) := 
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:= n(z)(£). The inclusion ip <^-» u induces by restriction a i<T- 
equivariant map ^xi p : Z — > (ip)*. Using a [/-invariant inner product on fj we 
can identify (ip)* and p, so we view fj,^ as a map : Z — * p. For /3 G p 
let jip denote p~ 1/3 . Then grad^p = 0z where 0z is the vector field on Z 
corresponding to f3 and grad is computed with respect to the Riemannian 
metric induced by the Kahler structure. We call fi p the G-gradient map 
associated with [i. 

For the rest of this paper we fix a G-stable locally closed real submanifold 
X of Z. We may consider fx p as a mapping fi p : X — ► p such that 

grad pP = (3 X 

where the gradient is now computed with respect to the induced Riemannian 
metric on X. Since X is G-stable we have (3z{z) = Px( z ) for Using 
the inner product on p C iu we define r) p (z) := |||//p(z)|| 2 , Let C p be 

the set of critical points of n p and B p := fi p (C p ) C p. 

A strategy for analyzing the G-action on X is to view rj p as a generalized 
Morse function in order to obtain a smooth G-stable stratification of X and 
to study its properties, as follows. Let ipt denote the flow of the vector field 
gradr^p. For (3 G B p consider the set S'^ := {x G X \ tpt{x) has a limit 

point in C p n fj, p (K ■ (3) as t goes to — oo}. From the Morse theoretical 
point of view, the set S'p is a candidate for a Morse-stratum associated to 
r] p . Difficulties arise, since C p is almost never smooth, the flow (ft may not 
exist for all t < and if it exists a limit point might not be unique. 

We get around these difficulties by defining the relevant sets, which we 
call pre-strata, in terms of semistability. Set A4 P := ^~ 1 (0) and Sq(A4 p ) := 
{z G X : G ■ z PI /.f~ 1 (0) ^ 0}, the (open) set of semistable points in X. If 
(3 = G Bp, then we define Sp = Sq = Sg{M. p ). We define Sp for any 
(3 G B p in a similar way, as follows. 

For (3 G p let G l3 + := {g G G : lim^_oo exp(t/3) # exp(-t/?) exists}. Then 
G^+ is parabolic with Levi component the centralizer G' 3 of j3. Note that 
G 13 = exp is compatible with the Cartan decomposition of U c . Let 
X@ denote the set of zeros of the vector field (3x- This submanifold is 
stable with respect to the action of G^ and we have a shifted gradient map 
p^p : X 13 — > p 13 , x i— > p p p(x) — (3, whose set of semistable points is So := {x G 
X? : Gf 3 -x n nJ(/3) / 0}. Set S?+ := {z G X : lim^^ exp(t/3) • z G So}. 

Then S p+ is G^+ -stable. We call Sp := G ■ S?+ the pre-stratum associated 
with (3 G £>p. 

Let G x G,3+ 5^+ denote the quotient of G x with respect to the en- 
action which is given by q • (5, s) = (gg _1 ,q ■ s) for 5 G G, s G S' /3+ i q> G G^+. 
In Section 5 we obtain our main results concerning pre-strata. 

Slice Theorem. The pre-stratum Sp associated with (3 is a locally closed 
submanifold of X and the natural map 

G x Gl3+ -» S B 
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induced by the G-action on X is a diffeomorphism. 

The G-action on a pre-stratum has properties similar to those of G-actions 
on a set of semistable points. The role of the zero fiber of the gradient map 
is taken over by the set M V (K ■ (3) := • (3). Our second result in 

Section 5 is the following. 

Quotient Theorem. Let (3 £ Bp. 

(1) The topological Hilbert quotients (see Section 3) //G@ and Sg//G 
exist and are isomorphic and parameterize the closed orbits. 

(2) The inclusions M pP {(3) n S p + C S?+ and Mp{K ■ (3) n S g C S 8 
induce isomorphisms (M p p(P) n S f3 +)/Kf s = S@+ // G@ and (M P (K ■ 
(3)nSp)/K^S 3 //G. 

(3) The set of minima of r]p\Sp coincides with A4 V (K ■ /3) n Sp. 

The content of these results can be summarized in the commutative dia- 
gram: 




sp+i/g? 





(M p (K-(3)nSp)/K 




We also show in Section 5 that a pre-stratum Sg only depends upon K ■ [3. 

Stratification Theorem. Let [3, $ € Bp. 

(1) 7/5^fl5^^0 and Sp ^ S- p , then > 

(2) The following are equivalent. 

(a) K ■ (3 = K ■ (3. 

(b) Sp = S- p . 

(c) S 3 HS^ 0. 

If Hp : X — > p is a proper map, then we show in Section 7 that for (3 G 
Bp, the Morse-theoretical stratum S' g coincides with the pre-stratum Sp. 
Moreover, we prove the following 

Theorem. If ^p '■ X — » p is proper, then X = U 3 S 3 where (3 runs through 
a complete set of representatives of K- orbits in Bp. 
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In Section 8 we obtain 

Theorem. If X is compact, then there are only finitely many pre-strata. 

If X = Z is compact and G = [7 C , then most of the above is proved in 
[Ki84]. This holomorphic and compact case has been studied quite inten- 
sively. For example, the strata Sg are smooth analytic subsets of Z which 
are open in their closure with respect to the analytic Zariski topology, there 
is only one open pre-stratum S^ (if X is connected) and its complement is 
a closed analytic subset of X. Also, the open pre-stratum Sp is connected 
and is minimal in the sense that /3q is a closest point to zero in np(X) C p. 
Many of these results about open pre-strata hold more generally for mero- 
morphic actions of complex reductive groups on compact Kahler manifolds 
(see [So75, Fu78]). 

An important application noted in [Ki84] are the Morse equalities in equi- 
variant cohomology in the holomorphic compact case. Morse inequalities 
also hold in our setup for general real reductive group actions on compact 
manifolds. We illustrate in Section 9 by simple examples that equalities are 
almost never valid for actions of real reductive groups. 

The simplest interesting situation where our results apply and is not co- 
vered by previously known results is the real projective case. Here X C 
P(Vr) where Vr is a representation space of an algebraic semisimple real 
group G and X is G-stable and closed. In this setup we may choose Z = 
P(V) where V = Vr ® C and P(V) is given the Fubini-Study metric. 

The special case X = P(Vr) and G real semisimple is treated in [MaOl]. 
However, there is an error in the proof of Theorem 1: the assumption on 
the bottom of page 783 that one may assume that k\ = = e is incorrect. 

Still in the projective setup we have the following result of Schutzdeller 
[Sch06] which is new even in the case that G = C/ c . 

Let o+ be a positive Weyl chamber for the K -action on p. Let Y be a 
semi-algebraic closed G-stable subset o/P(V) which is irreducible (in a suit- 
able sense). Then fJ>p(Y) ct+ is a convex polytope. 

The proof of this convexity result makes essential use of the stratification 
obtained here. 

Another related interesting simple case is where X = Z is [/-homogeneous 
and G is a real form of U . Our results applied to G and also to the complex 
reductive group K c imply Matsuki duality ([Ma82]) and may be viewed as 
a generalization of the results in [MUV92, BL02]. 

Most of our results in the holomorphic non-compact case are new. In this 
setup G is a complex reductive group and X is a Kahler manifold. The re- 
levant maps are holomorphic and the quotients discussed above are Kahler 
spaces. In particular, a pre-stratum Sp is G-equivariantly and biholomor- 
phically identified with a holomorphic G-bundle over the compact complex 
manifold G/G +. 
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Also, in the general real case, a pre-stratum Sp fibers over the G-homoge- 
neous compact manifold G/G^+ which now is a K- homogeneous Riemannian 
manifold. The open pre-strata are of special interest. In many situations, 
including the case where fi v has closed image, there is a minimal pre-stratum 
Sp Q in the sense that (3q is a closest point to zero in fi v (X). This pre- 
stratum is always open and usually serves as a good substitute for the set 
of semistable points which quite often is empty. 

In principle there could be many different minimal pre-strata and also 
other open pre-strata which are not minimal in the above sense. We do not 
know any example of a connected manifold X where this is indeed the case. 
Any such example would imply that Hp(X) Pia+ is not a convex subset of a+. 
In situations where the convexity result of Schiitzdeller applies, the minimal 
pre-stratum is unique. The uniqueness of the minimal pre-stratum holds 
in complete generality if X = Z and G = U' c . In this case very general 
convexity theorems are available ([HH96]). 

Another interesting extreme case is where a maximal pre-stratum Sp ex- 
ists. By this we mean that (3 £ ^p(X) and > ||^ p (z)|| for all z 6 X. 
In this case the function ry p is constant on Sp and we explain in Section 6 
that the general theory implies that Sp = M. 9 {K ■ (3) = iip l {K ■ (3) and 
that S@ + = Ad 9 {j3) = Every G-orbit in Sp is a if -orbit and ev- 

ery G^-orbit in S@ + is a if^-orbit. Moreover, S@ + = Mp{(3) is a union of 
connected components of X 13 and the Slice Theorem gives a if-equivariant 
diffeomorphism K X K0 Mp{[3) = Sp. These considerations generalize an 
old theorem of Wolf ([Wo69]) which says that a real form G of a complex 
semisimple group acting on a generalized flag manifold has a unique closed 
G-obit. This is a very special case of Matsuki's duality result mentioned 
above. 

2. Compatible subgroups and gradient maps 

Let U be a compact Lie group. Then U has a natural real linear algebraic 
group structure, and we denote by U c the corresponding complex linear 
algebraic group ([Ch46]). The group U c is reductive and is the universal 
complexification of U in the sense of [Ho65]. On the Lie algebra level we 
have the Cartan decomposition u c = u + iu with a corresponding Cartan 
involution 9 : u c — > u c , £ + irj i— > £ — ir), £, rj € u. The real analytic map 
U x iu — > U c , (u,£) i — > uexp£, is a diffeomorphism. We refer to the 
decomposition U c = C/exp(iu) = U x iu as the Cartan decomposition o/C/ c , 
and we fix it for the remainder of this paper. 

Let G be a real Lie subgroup of U c . We say that G is a compatible 
subgroup of U c if it is compatible with the Cartan decomposition of U , 
i.e., if 

K x p — > G, (k, (3) h-> k exp (3, 
is a diffeomorphism where K = G PiU and p = g PI iu. In particular, G is a 
closed subgroup of U c if and only if K is compact. 
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Let Z be a smooth holomorphic U -space, i.e., Z is a complex manifold 
with a holomorphic action U c xZ — > Z. We assume that Z has a Kahler form 
cj which is [/-invariant. We also assume that we are given a [/-equivariant 
moment mapping [i : Z — ► u* . By definition we then have 

where jjfi is [i followed by evaluation at £ € u and £z is the vector field on 
Z with one parameter group (t, z) \— > expi£ • z. 

Now let G be a compatible closed subgroup of U c . We have the subspace 
ip C u and a corresponding mapping /zi p : Z — > (ip)* where /zi p is just /i 
followed by restriction to ip. The map (i\p is the correct analogue of \i when 
one is considering the action of G rather than the action of U c . In order 
to simplify notation we replace consideration of Hip by that of // p : Z — > p 
where 

(j$(z) := (fip(z),p) := ^ p l/3 (z). 

Here (•, •) denotes a iT-invariant inner product on p C iu. The map /z p is 
called the G -gradient map associated with [i since the equation dyfi = i^ z oj 
is equivalent to grad// p = 0z for all /3 G p. Here the gradient is computed 
with respect to the Riemannian metric (., .) on Z given by (v, w) = u;(v, Jw) 
for all z G Z and G T Z (Z) where J denotes the complex structure on 
T(Z). 

For the rest of this paper we fix a G-stable locally closed submanifold X 
of Z. Of course, a special important case is where X = Z. From now on we 
also denote the restriction of /ip to X by fi p . We have 

grad ^ = Px 

where grad is computed with respect to the induced Riemannian structure. 
Similarly, _L denotes perpendicularity relative to the induced Riemannian 
metric on X. We have the following two elementary results (see [HSch05, 
Lemmas 5.1, 5.4]). 

Lemma 2.1. Let x 6 X and (5 & p. Then either (3x{x) = or the function 
t — > fj,p(expt(3 ■ x) is strictly increasing. 

For a subspace m of u c and x G X let m • x denote the subspace {(3x{x) : 
(3 G m} of the tangent space T X (X). 

Lemma 2.2. For all x G X we have kerd^ p (x) = (p • x) 1 - . 

We will use ||-|| to denote the norm functions associated to (•, •) and (•,•). 
The critical points of the norm square function r]p(x) := ^|| / u p (x)|| 2 will be 
of central importance in the rest of this paper. 

Lemma 2.3. Let x G X and f3 = Hp(x). Then gradr/ p (x) = (3x{x). 

Proof. This follows from drjp(x)(v) = (/3, djip(x)v) = dfip(x)(v) = (v,f3x(x)). 

□ 
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Corollary 2.4. Let x G X and set := Hp{x). The following are equivalent. 

(1) Px(x) = 0, 

(2) dfip(x) = and 

(3) c%(x) = 0. 

Let x G X and let 6 p x := {/3 G p : = 0}. Differentiating the 

action of G x on T^X) gives rise to a linear action of q x on T X (X). Since 
elements of iu x act as selfadjoint operators on T X {Z) relative to the induced 
Riemannian structure, our element acts on T X {X) as a selfadjoint operator 
d(3x{x) and has real eigenvalues. 

Proposition 2.5. Let v G T X (X) be an eigenvector of (3 G p x with eigenvalue 
\(0). Let 7(t) &e a smooth curve in X with 7(0) = x and ;§7(0) = v. TTien 

(1) ^(^o 7 )(0)=A(/?)||H| 2 . 

(2) If x is a critical point o/r/p and := Hp(x). Then 

^(r ]p o 1 )(0) = X((3)\\v\\ 2 + W P (x)(v)\\ 2 . 

Proof. We have 

^(7( ( )) = (^( f ),&(7( t ))) i(() 

where (-,-) 2 denotes the inner product on T Z (X) at z G X. There is a 
neighborhood U of x G X and a local diffeomorphism ^ : [/ — > T!j.(X) where 
^(x) = and d^?(x) = Id. Using the local coordinates given by we 
have ( , ) , t \ = ( , ) x + t ( , ) 4 where ( , ) t is a bilinear form on T^pC) 

depending smoothly on t. From 0x(l(t)) = t ■ d0x(x) • (^7)(0) + t 2 R (t) = 
t\(0)v + t 2 Ro(t), where Ro(t) is smooth, we get 

|(rfo7)(t)=(|7(*),i9x(7(t))) +<(^7(*),^(7(*)) 

^ 7 (<),*A(/3)t; + t 2 i?o(*)) + * (^7(<). + t 2 i? (t) 

| 7 (t),tA(/3)^ + t 2 R 1 (t). 

This implies (1). 

If is as in (2), then fJ,p(j(t)) = + t ■ d[Xp(x) ■ v + t 2 R2(t). Hence 
^(lp°7)W = (^(7W) S 7W,^(7W) 

= J t ^P° 7)(*) + * (%(7W)^7W, d/*p(a;) ■ «) + i 2 i? 3 (i) 
and (2) follows. □ 

If m is a subspace of a Lie algebra [ and G t, set m' 3 := {£ G m : [£, /3] = 
0}. 
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Lemma 2.6. Let (3 := /J,p(x) and assume that (3 G p x . Let ( G 6. // Cx(x) 
is the sum of positive eigenvectors of (3, then £ G W. 

Proof. Let ^(t) := expt(-x. Proposition 2.5 implies that < ^z(fJ>p °7)(0). 
Since /z p is A-equivariant and the A'-action on p is by linear isometries we 
have 

Jr(/^°7)(0) = ^| (exp(tC)-/i P (x),/3) = ([C,[C,0],/3> = -||[C,/3]|| 2 < 0. 
This shows that [C, /?] = 0, i.e., £ 6 □ 

3. The Slice and Quotient Theorems 

In this section we recall for the convenience of the reader some results 
from [HSch05, HSt05]. For any Lie group G, a closed subgroup H and 
any set S with an inaction we denote by G x H S the G-bundle over G/H 
associated with the //-principal bundle G — > G/H. This is the orbit space 
of the //-action on G x S given by h • (g,s) = {gh~ l ,h ■ s) where g G G, 
s 6 S and h £ H. The //-orbit of (g, s), considered as a point in G 5, 
will be denoted by [g, s]. 

Let G = Aexpp be a compatible closed subgroup of U c . For j3 G p 
set 7W P (,3) := /U" 1 ^) C X and set M p := M p (0). Let x G A4 p . Then 
= K x expp x ([HSch05, 5.5]). Since the (^-representation on T X (X) is 
completely reducible ([HSch05, 14.9]), there is a G^-stable decomposition 
T X (X) = q ■ x W. Now the Slice Theorem for Z ([HSch05, 14.10, 14.21]) 
pulls back to the following Slice Theorem for X: 

Theorem 3.1 (Slice Theorem). Let x G Mp. Then there exists a G x -stable 
open neighborhood S o/O £ W , a G-stable open neighborhood O of x G X 
and a G-equivariant diffeomorphism ^: G x Gx S — > Q, where ^([e, 0]) = x. 

Actually, we have a Slice Theorem at every x G X. Set (3 := fip(x) and 
let G@ = {g G G : Ad g ■ (3 = (3} denote the centralizer of (3. Then we have 
a slice for the action of G@, as follows. 

The centralizer G 13 is a compatible subgroup of U c with Cartan decom- 
position G 13 = Kt 3 exp(p^) where = A n G 13 and p 13 = G p : ad(£)/3 = 
0}. The group G 13 is also compatible with the Cartan decomposition of 
(C/ c )/ 3 = (U^) c and (3 is fixed by the action of U@ on u^ 3 . This implies 
that the u^-component of \i defines a C/^-equivariant shifted gradient map 
jLji: Z — > u^ 3 , p^fi(z) = fi Ufj (z) — (3. The associated G^-gradient map is given 
by fi^p: X — ► p' 3 , j5p^(2) = /Up/j^) — /3. This shows that the Slice Theorem 

applies to the action of G^ at every point x G (/i p /3)~ 1 (0) = Mpp((3). In 
particular, if G is commutative, then we have a Slice Theorem for G at every 
point of X. 

For H a subgroup of G, M a subset of Z and Y an //-stable subset of Z, 
we define the saturation S H (M)(Y) to be {z G Y : H ■ z n M ^ 0}. Here 
H ■ z denotes the closure of H ■ z in Y. In general, Su(M)(Y) is a proper 
subset of Sh(M)(Z) n K. But in the case where F is closed in Z these 
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sets agree. The set Sg(M- v )(Y) is called the set of semistable points of Y 
with respect to fip. In ([HSt05]) it has been shown that Sg(-Mp((3))(Z) is 
open in Z for every /3 G p. For a closed G-stable subset Y of Z this implies 
that Sg(Mp((3))(Y) is open in Y. Inspecting the proof in [HSt05] one can 
more generally show that 5g(A4 p (/3))(X) is open in X for any locally closed 
G-stable submanifold X of Z. Since we have fixed X, we usually write 
Sg(Mp(P)) for Sg(M-p((3))(X). The set of semistable points plays a major 
role in [HSch05]. One reason for this is the quotient theorem which we now 
formulate. 

Let Y C Z be G-stable and let x, y G Y. We define a relation ~ on Y 
where x ~ y if and only \i Y C\ G ■ x ^ G ■ y ^ %. If this relation is in fact an 
equivalence relation we denote the corresponding quotient by Y//G and call 
it the topological Hilbert quotient of Y by the action of G. 

Theorem 3.2 (Quotient Theorem [HSch05]). Assume that X = S G (M P ). 
Then the topological Hilbert quotient Xjj G exists and has the following prop- 
erties. 

(1) Every fiber of tt contains a unique closed G-orbit. Any other orbit 
in the fiber has strictly larger dimension. 

(2) The closure of every G-orbit in a fiber of tt contains the closed G- 
orbit. 

(3) Every fiber of it intersects Mp in a unique K -orbit which lies in the 
unique closed G-orbit. 

(4) The inclusion A4p X induces a homeomorphism Aip/K = X//G. 

As in the case of the Slice Theorem, we have local versions of the Quotient 
Theorem. For any j3 G p we have the open subset of semistable points 
Sqp (MpP (P)) in X, and we can apply the Quotient Theorem for the action 
of 

4. Fixed points and parabolic subgroups 

Let (3 G p. We have a vector field (3q whose one-parameter subgroup is 
given by (t,y) i— ► exp(t@)y exp(— 1{3). Then 

G p = {y G G : f3 G (y) = 0} = {y G G : exp(t/3)y exp(-t/3) = y for all t G M}. 
We have the parabolic subgroup 

:= {y G G : lim exp(t/3)y exp(-t/3) exists} 

t — ► — oo 

with unipotent radical 

RP+ ~{ y € G : lim exp(t/3)y exp(-t/3) = e}. 

t—>— oo 

Then G^+ is the semi-direct product of G@ with R@+ and we have the pro- 
jection vr^+ : G p + -> G^, 7r^+(y) := limt__ E50 exp(t/3)y exp(-t/3). 

Lemma 4.1. For every 
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Proof. The adjoint orbit O of U through (3 G iu = u can be considered as 
a Kahler manifold endowed with a holomorphic f/ c -action. In particular, 
G-acts on O. In [HSt05] it is shown that G-(3 = K-(3. Since G ■ (3 = G/G?+ 
this proves the claim. □ 

We introduce submanifolds of X analogous to G@ and G^+ . For (5 € p we 
have the corresponding vector field ftx ° n whose one-parameter subgroup 
is given by (t,y) i— > exp(t/3) • y. We have the set 

X' 3 :={yGX:/3 x (y)=0} 

which is the set of fixed points {y £ X : exptp ■ y = y for all t S M}. The 
set XP is G^-stable and is a subset of the G^+ -stable set 

X" + := {y € X : lim expt/3 • y exists}. 

t— ►— oo 

The map : — > X' 3 , p^ + (y) = limt^-oo expi/3 • y is well defined, G^- 
equivariant, surjective and its fibers are i?^ -stable. 

In the following we fix j3 € p, \\f3\\ = 1 and discuss, in the spirit of this 
paper, the relevant properties of the action of the group T := exp7 on X 
where 7 := M./3. Note that T is a closed compatible subgroup of U c . As an 
abstract Lie group T is just the additive group M. The T-gradient map on 
X is given by /i 7 (y) = ^{y)[3 and will in the following be identified with 
fj,P : X — > R. The isotropy group T x of T at every point x £ X is compatible 
with the Cartan decomposition of U c . Since T = M, we have that either 
T x = {0} or r x = T. The Slice Theorem applied at x E X \ X$ gives the 
existence of an open T-stable neighborhood of x, a closed submanifold 
5 of with x £ S such that the map : T x S — > $7, (g, s) 1— > g • s is a 
diffeomor phism . 

In the case that x € X", the Slice Theorem gives a linearization of the 
T-action near x, as follows. The linearized vector field d(3x{x) acts on T X (X) 
as a self-adjoint operator, also denoted by /?, and W := T X (X) is a direct 
sum of one dimensional eigenspaces. We define W@+ := W@ © W + where 
W + is the sum of the eigenspaces of f3 with positive eigenvalues and W@ is 
the zero eigenspace of (5. By the Slice Theorem there is an open T-stable 
neighborhood S of zero in T X {X) and a T-equivariant diffeomorphism *I> 
which maps S onto an open neighborhood £1 of x in X. Since S is T-stable, 
it contains (S n © Now * identifies S n with O n and 
SnR" 3 with Q n X^ 3 . Moreover, (p^)-^ (5 n W?) = $>{{S n W^) © W+) 
is closed in Q. 

Remark 4.2. The Slice Theorem applied to T at x € X^ 3 shows that, for y 
near rr, the limit expt n f3 ■ y exists for some sequence t n — > — 00 if and only 
if limt^.oo exp t/3-y = x. 

We summarize our discussion as follows. 

Proposition 4.3. Let [3 € p, V = expM/3 and let X@+ be as above. 
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(1) The set X? is a closed submanifold of X. 

(2) The set X?+ is a locally closed G@ + -stable submanifold of X 

(3) The tangent space of X@+ at x G 

(4) The map p@+ is a G@ -equivariant strong deformation retraction. 

(5) pP+ is G^+ -equivariant where the action of on X^ is via the 
quotient mapping to G@ . 

Remark 4.4. In addition to the properties in Proposition 4.3, we have that 
the map p@+ is a smooth locally trivial fibration which realizes X@ as the 
topological Hilbert quotient of X^ + with respect to the action of V. Each 
fiber Fj? + := of pP + is (G^) x -equivariantly diffeomorphic to a 

(G^) x -representation W + {x) which, up to isomorphism, depends only on the 

connected component of x in X@. Furthermore, the map 
{jr+)~ l {GP ■ x), [a,z] i— > a ■ z is a G^-equivariant diffeomorphism. 

Remark 4.5. If G = K c for some compact subgroup K of U and if X is a 
complex submanifold of Z, then the manifolds discussed in Proposition 4.3 
are complex analytic and the maps are holomorphic. 

Of particular interest are the connected components of X^ on which 
= (^p)P) is constant. For any f3 G p and r G R let X@ := {y G X@ : 
<Jip(y),0) = r} and let X? + := (p^+)" 1 (^ ). 
Proposition 4.6. Let (3 G p. 

(1) The function /ip : X$ — > R is locally constant. In particular, X@ is 
open and closed in X@ . 

(2) We have Hp(y) > r for y G Xr + and equality holds if and only if 

Proof. For v G T y (X) and y G X?, d^{y)(v) = ((3 x {y),v) = 0. Hence $ is 
locally constant on X@ and we have (1). 

Let y G Xr + . Then /Xp(expi/3 • y) > lirnt_ i ._ 00 jUp(expi/3 ■ y) = r. Note 
that n^{y) = r if and only if expi/3 ■ y = y for all t G R (Lemma 2.1), i.e., 
y e X 13 . This establishes (2). □ 

Remark 4.7. By replacing f3 with — /3 one obtains analogous results for 
XP- : ={i;gX: lim^ +oc expt/3 • y exists}. 

Let j3 G p and let = t^+p' 3 denote the Cartan decomposition of the Lie 
algebra of the centralizer G' 3 . For r G R let i? r (/3) := {C G p^ : (/3,() = 
r}. In the following it is important to note that H r {(3) is a hyperplane in 
p^ if and only if /3 ^ 0. If /? 7^ we have the corresponding half-spaces 
H+(P) := {( G : (AC) > r} and := {( G : (AC) < r}. These 

sets are also defined in the case where [3 = but then they are either empty 
(r 7^ 0) or all of them coincide with p@ (r = 0). 

Corollary 4.8. Let J3 Ep. 
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(1) ^(X^cH+iP), 

(2) ity(X?-) C H-((3) and 

(3) x? = x?~ n x? + = fi-}(H r (j3)) n x? + . 

Remark 4.9. For fixed r the manifold Xr + is defined only in terms of the 
group r := expR/3. This means that Xr + remains unchanged for any com- 
patible subgroup G of U c which contains V and stabilizes X. Note that X@ 
is G^-stable. 



5. Critical points, Slices and Quotients 

Let [ipp : X — > pP denote the gradient map associated with the moment 
map [x u p : Z — > u 13 (see Section 3). Recall that M.pg({3) is the zero fiber of 
the shifted gradient map jO = fJLpp — (3. 

For 6 p we set S?+ := S G fi{M p p(P))(X^ 2 ), i.e., is the set of C 3 - 
semistable points in ^jfgip with respect to the shifted gradient map /i p/ a — p. 
The set Sp := G ■ S@ + is called the pre-stratum associated with p. 

Remark 5.1. S@ + is a locally closed submanifold of X since it is an open 
subset of X&+. 

Remark 5.2. As we already noted (see Remark 4.9), the set -^3112 om y 

depends upon the group F = exp(M/3). However, in general, S@+ depends 
upon GP. 

Let Cp denote the set of critical points of rj p : X —> M, r)p(x) = ^\\^p{x)\\ 2 
and set Bp := /i p (C p ). Since r] p is if-invariant the sets C p and Bp are K-stable. 
We will now formulate our main general results. 

Theorem 5.3 (Slice Theorem for Pre-Strata). Let P € Bp and let Sp be the 

pre-stratum associated with p. 

(1) The pre-stratum Sp is a locally closed submanifold of X and S@ + is 
a G@ + -stable locally closed submanifold of X. 

(2) The natural map G x G " + - Sp is a diffeomorphism. 

(3) The natural map K x kP S?+ - Sp is a diffeomorphism. 

The following is an analogue of the Quotient Theorem 3.2 for semistable 
points in the context of pre-strata. Here Aip(K ■ P) := ^^{K ■ P) plays the 
role of A4 P in Theorem 3.2 and the case where P = is just Theorem 3.2. 

Theorem 5.4 (Quotient Theorem for Pre-Strata). Let P € Bp and let Sp 

be the pre-stratum associated with p. Then the topological Hilbert quotient 
Sp//G exists. Let its* : Sp — > SpjjG denote the quotient map. 

(1) Every fiber ofirsp contains a unique closed G-orbit. Any other orbit 
in the fiber has strictly larger dimension. 
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(2) The closure of every G-orbit in a irs^-fiber contains the closed G- 
orbit. 

(3) Every fiber of ns^ intersects M P (K ■ /3) PI Sp in a unique K -orbit 
which lies in the unique closed G-orbit. 

(4) The inclusion M P (K ■ j3) n Sp Sp induces a homeomorphism 
(M p (K-f3)nSp)/K^Sp//G. 

Note that we can apply Theorem 3.2 to the set of semistable points S@ + = 
5 G /3(A / [p i a(/3))(Xj^|| 2 ). In the following discussion it will turn out that the 

quotients S^+f/G^ and Sp//G are isomorphic (Proof of Theorem 5.4) and 
that M p & (/?) n SP+ C M P (K -(3)nSp (Lemma 5.6 and Proposition 5.8). We 
may summarize all this in the following commutative diagram: 




SP+//GP 





(M p (K-(3)nSp)/K 



Spf/G 




We will also see that Mpp(P)nS^+ is the set of minima of rj p \ S@+ (Lemma 5.12) 
and that M V (K ■ (3) fl Sp is the set of minima of rj p \Sp (Proposition 5.13). 

Theorem 5.5 (Pre-Stratification Theorem). Let (3, f3 G B p . 

(1) and K ■ (3 + K ■ (3, then \\(3\\ > \\/3\\. 

(2) The following are equivalent. 

(a) K ■ (3 = K ■ (3. 

(b) Sp = 

(c) SpHS^t 

Now we will give additional information about the pre-strata which will 
lead to the proofs of the theorems. 

Lemma 5.6. For any [3 £ p we have 

(1) M p ((3)nXP = M p ((3)nC p . 

(2) M p (f3)nxP = M p p((3)nX?. 

(3) Mpf, (13) nx? = M p p {(3) n x£- ||2 . 

Proof. The first part is a direct consequence of Lemma 2.3. Since [i is 
exp(iM/3)-equivariant, on X 13 it takes values in (u*)P and /i p takes values in 
p 13 . This implies (2). Part (3) follows from Corollary 4.8. □ 
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Remark 5.7. Lemma 5.6 implies that (equivalently Sp) is nonempty if 
and only if (3 € Bp. This is the only reason why Theorem 5.3 and Theo- 
rem 5.4 are formulated for (3 £ Bp and not for (3 € p. 

As in Section 4 we let p^+ : X@ + — > X@ denote the C-equivariant map 
pP+ ( y ) = lim t ^_ OQ exp t/3 ■ y. 

Proposition 5.8. For every (3 6 Bp we have the following. 

(1) S?+ = (p^+)- 1 (S G p(Mp fJ (P))(X' 3 )). 

(2) SP+ is GP+ -stable. 

(3) M pl3 ((3) n S?+ = M p0 (f3) n X? . 

(4) S G p(ftApii((3))(XP) is a G@ -equivariant strong deformation retract of 

Proof. Let y E X^+ and set x = p^ + (y). Since p^+ is G^-equivariant and 
fixes X 13 and since x lies in G& ■ y, we have that ^ G 13 ■ x D X@ n M p/ 3(P) 
if and only if ^ G? ■ y D X 13 n M p ff(j3). Hence the equality in (1) follows 
from Lemma 5.6. Invariance of S@+ with respect to the G^+-action follows 
from (1) and (3) follows from Lemma 5.6 (3). The deformation of onto 
S G p(Mpp((3))(XP) is given by (t, y) ^ exp • y. □ 

Corollary 5.9. For all (3 £ Bp we have Sp = K ■ S@+ . 

Proof. This follows from G = KG?+ (Lemma 4.1), G&+ -stability of S?+ and 
the definition Sp = G-S (3 +. □ 

By Theorem 3.2 the topological Hilbert quotients S Gf ,(Mpi3((3))(X l3 )//G f3 
and S" + //G^ exist. Proposition 5.8 implies that the inclusion 
S G p(M.pp(l3))(XP) S" + induces an isomorphism of these quotients. Note 

that for x, y G S ,/3 + we have G& ■ x n G? ■ y n S&+ / if and only if G&+ • x n 
QP+ . yf]S /3+ ^ by Proposition 4.3. Therefore the quotient //G^ + exists 
and is not only isomorphic to but also equal to S^+f/G 13 . We summarize 
this discussion in the following commutative diagram. 

S G0 (M pP (f3)){X P ) c 1<V+ : 



S G e(Mpv([3))(X P )//G p =^= S^f/Gf 3 — SP+//GP+ 

Recall that by Theorem 3.2 each fiber of the quotient — » //G^ 3 
contains a unique closed G^-orbit which is the unique orbit of minimal di- 
mension in that fiber. We now show the analogous fact for the action of 
G p + on S p+ . We make use of the following remark. 

Remark 5.10. Let H be a Lie group acting on a manifold Y. Then for all 
d £ N, {y £ Y | dim H ■ y > d} is open. 
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Proposition 5.11. Let G@ ■ x be the unique closed G@ -orbit in a fiber F of 
the quotient S p + -» S p +//G^. Then ■ x is the unique closed G@ + -orbit 
in F and every other G@ + -orbit in F has strictly larger dimension. 

Proof. Since p@ + (x) G G@ ■ x, we must have that x G X 13 . To simplify 
notation let Q denote Let z G F and set y := p l3 +(z). Then y G FnX 13 . 

Assume that Q • z ^ Q • y. We show that dim Q • z > dim Q ■ y. Let c\ y be 
a subspace of q complementary to q y . Since an exp(IR/3)-invariant neighbor- 
hood of y in can be identified with an exp(M/3)-invariant neighborhood 
of in the tangent space T y (X@+ ) (see Section 4) and since q y • y = q • y is 
exp(M/3)-stable, there is an exp(lR / 9)-invariant locally closed submanifold N y 
ofX^ with y € N y and T y (X p +) = q c y -y®T y (N y ). This implies that the map 
§ y : q y xN y ^ X@+, (£, w) i— » exp(£)-u;, is a local diffeomorphism near (0, y). 
Since Q • z intersects every open neighborhood of y and since exp(c^) C Q, 
we may assume that there is a z' G Q ■ z such that z' G iV^ and such that 
dimq^-z' = dimq y -y. Since Q ■ z + Q ■ y, z' X? and ± (3 x {z') G T z >(N y ) 
does not lie in q y ■ z'. Thus dimQ • z' > dimq^ + 1 > dimQ • y. 

It now suffices to show that dim Q -y > dim Q ■ x \iQ - y ^ Q ■ x. We have 
that dimG^ 3 • x < dimG^ 3 • y. Since pP+(x) = x the G^-equivariance and 
i?^+-invariance of imply that dimQ ■ x = dimG^ • x + dimi?^+ • x and 
similarly for y. Since we may assume that y is arbitrarily close to x, we have 
that dim ■ y > dim R l3 + ■ x. Thus dim Q - y = dim G 13 ■ y + dim R l3 + ■ y > 
dim G@ ■ x + dim R@+ ■ x = dim Q ■ x. 

We have shown that the orbit Q ■ x is of minimum dimension in F. It 
remains to show that it is the unique closed orbit. Suppose that x' G Q ■ x 
where Q ■ x' ^ Q ■ x. Then dimQ • x > dimQ • x ' ■ But this contradicts the 
fact that dimQ • x < dimQ ■ x' . Hence Q ■ x is closed. By the definition 
of topological Hilbert quotient there are no other closed orbits in the fiber 
F. □ 

Lemma 5.12. Let (3 G Bp and z G S@+ . Then r)p(z) > ^||/3|| 2 and equality 
holds if and only if z G Mp{[3) n X 13 . 

Proof. We have ||// p (z)|| > > WPW by Corollary 4.8. If equality 

holds then fJ,pp(z) = and z is a minimum of r\pp\G^z. Therefore it is 
a critical point of r/ p /3 and we have z G M p p{(3) nl^ M p {(3) n X 13 by 
Corollary 2.4. □ 

Proposition 5.13. Let (3 G Bp and let Yg be a G -stable closed subset of 
S/3 and Y/3 its closure in X. We have r)p\Yp > ^\\P\\ 2 and the set of z G Yp 
where rjp(z) = ^||/3|| 2 coincides with A4p(K ■ 0) n Yg and is non-empty ifYp 
is non-empty. 

Proof. We have Yg = K ■ Y^+ where Y?+ := Yp n (Corollary 5.9). 
For z G Yg we have z = k ■ y where k G K and y G Y@+ C S^+. Then 
ll/ Li p(' s )ll = llMp(y)ll > ll/^ll- If w e have equality then fi p p(y) = (3 and y G X 13 
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(Lemma 5.12). Now Y?+ is closed in S^. Therefore y G M P (J3) n Y&+ and 

z e M P (K ■ p) nYp. 

Finally, M p (K ■ j3)C\ Yg is non-empty since GP ■ y intersects Mp/3 ((5) fl X@ 
for every y G Y@+ C S@ + . □ 

Corollary 5.14. The closure of every G-orbit in Sp intersects M p (@) PiX 13 . 

We now work towards the proof of the Slice Theorem for Pre-Strata. 

Lemma 5.15. Let G Bp. The identity SP+ — > induces a diffeomor- 
phism <j>: K x Kl3 S P + -» G x G0+ S p + . 

Proof. Since G = KG&+, K n G&+ = and = t + 0^+, is a 1-1 onto 
submersion between manifolds of the same dimension, hence a diffeomor- 
phism. □ 

In the following we fix G B p and define G x gP+ -» S p by 
=g-s. 

Lemma 5.16. The map \l/ is an immersion. 

Proof. First we show that is an immersion at any x G M p ({3) fl S@ + . 
Since g = I + Q f3 + and 0^+ ■ a; C T X (S^+) it is sufficient to show that ( S t 
and (x(%) G T X (S"+) implies that (6r C 0^+. This is a consequence of 
Lemma 2.6 since ^(5^+) is the sum of the eigenspaces with non-negative 
eigenvalues of the isotropy action of /3 on T X (X). Since every G^-orbit in S" + 
intersects every open neighborhood of M p (j3) fl and ^ is G-equivariant 
it follows that \& is an immersion. □ 

Proposition 5.17. Let w n G G x gP+ S@ + be a sequence such that $(w n ) 
converges to x G .M p (/3) fl X^ 3 . TTien the sequence w n has a convergent 
subsequence and every convergent subsequence converges to [e,x]. 

Proof. Let w n = [k n ,s n ] where k n G K and s n G 5^+ (Lemma 5.15). We 
may assume that k n converges to k G K. This implies that 

lim n ^ 00 *(A;~ 1 [A: n ,s n ]) = lim^oo s n = A; -1 • x G SP+ C X^ 2 . From 

||/ip(A; _1 - as) || = ||^p(x)|| = \\[3\\ and A; -1 • x G 5^+ we obtain that k~ x x G 
A4 P (/3) nX^ (Lemma 5.12). Since also x G -M P (/?) nl^ we conclude that 
k G K@ and that lim n ^oo[A; n , s n ] = [k, k" 1 ■ x] = [e, x]. □ 

Corollary 5.18. The map \l/ is injective. 

Proof. We first show that for every x G M.p{0) fl X@ there exists an open 
neighborhood Q, of x G X such that ^>\®~ l (S pftti) is injective. If ^ (^n 

17) is not injective for f2 sufficiently small, then there are v n , w n G Gx Gl3+ S@+ 
such that v n ^ w n , ^f(v n ) = $(w n ) and lim^^oo ty(v n ) = x. Since \£ is 
an immersion (Lemma 5.16) its restriction to some open neighborhood W 
of [e,x] in G x G>3+ S@+ is injective. We may assume that lmin^oo v n = 
linin^oo w n = [e,x] (Proposition 5.17). This contradicts injectivity of ^>\W . 
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Since every G-orbit in Sg intersects each neighborhood of a point of 
M p {f3)nX (3 (Corollary 5.14) and since VP is G-equivariant, every G-orbit in 
Sg intersects an open subset O of X non trivially such that ^/\ 1 ^~ 1 (Sg n fl) 
is injective. Hence ^ is injective. □ 

Proof of the Slice Theorem for Pre-Strata 5.3. We first show (1). It 
follows from Proposition 4.3 that S@ + is a locally closed submanifold of X. 
Let x G Mp(0)riX 13 and choose an open neighborhood W x of [e, x] 6 Gx G " + 
S" + such that ^(W) is a submanifold of X (Lemma 5.16). Then there is an 
open neighborhood Q x of x in X such that £l x DSp C ^f(W) since otherwise 
we could use Proposition 5.17 to arrive at a contradiction. The open sets 
g ■ Q x cover Sg (Corollary 5.14) and the open sets g ■ W x cover 
where g € G, x G M p (/3) n X?. Since <? • n x n Sg C *(p • W x ) = g ■ ^{W x ) 
we have (1). 

Part (2) follows from (1), Lemma 5.16 and Corollary 5.18. Lemma 5.15 
and (2) imply (3). □ 

Proof of the Quotient Theorem for Pre-Strata 5.4- Recall that the 
topological Hilbert quotients S^ + //G^ and S^ + //G^ + exist and coincide. 
The Slice Theorem for Pre-Strata implies that Sg//G exists and that the 
inclusion S& + C Sg induces an isomorphism S^+//G^+ = SgjjG. 

By Proposition 5.11 every fiber of the quotient map t^ s p + '■ S^ + — > S@ + //G@ + 
contains a unique closed G^+ -orbit G^+ -x and every other orbit in that fiber 
has strictly larger dimension. Assertion (1) then follows from the Slice The- 
orem for Pre-Strata. 

Assertion (2) follows from the definition of the topological Hilbert quotient 
and (1). 

Let q G Sg//G and set F q := (7Ts l3 )~ 1 (q). Then F q n S@+ is a fiber of 7r s p + 
and intersects M.p/3 {(3) in a unique if ^-orbit ■ x where x G M p p ((3) f~l X^ 
and G^ ■ x is the unique closed orbit in F q n . Hence G • x is the unique 
closed orbit in F q and K ■ x is the intersection of F q with M V (K ■ (3) and we 
have (3). 

The assertion in (4) follows from (1), (3) and Theorem 3.2. □ 

Proof of the Pre- Stratification Theorem 5.5. Let y € Sg Pi So. Then 

G • y contains a point x G Aip{(3) (Corollary 5.14 applied to 0) and is con- 
tained in Sg. This implies that \\f3\\ > and equality holds if and only if 
K ■ (3 = K ■ (3 (Proposition 5.13). Hence we must have \\j3\\ > \\/3\\, proving 
(I)- 

We now show (2). Assume that (a) holds and choose k G K such that 
/3 = k ■ (3. Then S@ + = k ■ S@ + implies that Sz = Sg. Hence (a) implies (b). 
Obviously (b) implies (c). Assume (c) and let z G Sg n St. If (a) fails, then 
(1) shows that \\/3\\ > ||/?|| and that \\/3\\ > a contradiction. □ 
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6. Consequences and special cases 

In this section we point out special cases and several consequences of the 
results obtained in the previous section. 

First note that for (3 = the pre-stratum Sp coincides with S /3+ and is 
the set of semistable points Sc(Mp)- The Pre-Strata Slice Theorem 5.3 is 
trivial in this case and the Quotient Theorem 5.4 is just Theorem 3.2. If 
G = G@ , in particular if G is commutative, then Sp = S@+ coincides with 

the set of semistable points Sg(Mp(P)){X^ 2 ) ■ 

For Morse theoretical considerations the following should be noted. 

Lemma 6.1. Let (3 € Bp. Then C p nSp = M P (K ■ f3) n Sp. 

Proof. We have M P {K ■ f3) n Sp = K ■ (M p {(3) n X?) C C p by Corollary 2.4. 
Conversely, if x G C p n Sp, let (3 := fip(x). Then x £ M p ((3) n X 13 C Sz. 
Since x E Sp f) Sp, we have K ■ (3 = K ■ (3, and hence x 6 M. P (K ■ f3). □ 

Corollary 6.2. If X = Sc(Mp), then x € X is a critical point ofrj p if and 
only if rj p {x) = ; i.e., the critical set of rj p coincides with A4 p . 

Fix p £ Bp. The first two theorems in Section 5 contain precise infor- 
mation about the structure of the G-action on Sp and the quotient map 
TTSp : Sp —s- SpjjG. We now wish to apply the Slice Theorem for the ac- 
tion of G^ on S@ + . To simplify notation, let us assume that X = Sp 
and let Y denote S@+. We have an artificial G^+ -action on Y@ defined by 
(g,y) i— > g • y := ir^+(g) ■ y, y G g € G^+. The mapping p^+ : Y — > Y 13 
is equivariant with respect to the given action on Y and the artificial action 
on Yf 3 . Here we use the notation introduced in Section 4. Note that the 
G^+-isotropy group at y E Y@ is the semi-direct product H y := (G@) y x R@+. 
Applying the Slice Theorem we obtain the following. 

Proposition 6.3. Let x G M p0 (f3) n X 13 C Y 13 . Then there is a {G p ) x - 
stable submanifold Yq of Y@ containing x such that G 3 ■ Yq = G^+ • Yq is 
open in Y@ and such that the natural map G^+ x Hx Yq — > G^+ * Yq is an 
isomorphism. Let Y\ := (p i3+ )~ 1 (Yq). Then Y\ is an H x -stable submanifold 
ofY, ' 

Qf3+ x Hx Yl ^ G@+ -Yx 

is an isomorphism and G@+ ■ Y\ is open in Y . Moreover, G ■ Y\ is open in 
X and 

G x G " + (G p + x H * Yi) —> G ■ Yx 
is a G-equivariant isomorphism. 

Remark 6.4. The entire construction can be carried out in a manner com- 
patible with the various Hilbert quotients associated to the G-action on X. 
That is, we can arrange that G 13 -Yq is saturated with respect to the quotient 
map Yf 3 -> Y^f/Gf 3 and that G p -Y x is saturated with respect to Y -> Y//G&, 
etc. 
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Remark 6.5. The fiber F of vr G/3 : Y -> y/G^ through a; € Mpp{fi) flFis 

G^-isomorphic to G 13 x^ G ^ x where -F x is a closed (G^^-stable subset of 
the (G^) x -stable subspace (Section 4) of T X (X). In this identification 

every (G^) x -orbit in F x contains € W@ + in its closure. Since F is also a 
fiber of ^ G i3 + , the (G^) x -space F x is equipped with a topological action of 
H x = (Gf>) x x R?+. 

Before we discuss open pre-strata for general X we need to compute the 
Hessian of r] p at critical points. 

Proposition 6.6. Let igC p be a critical point ofrjp-.X^M. and let Sp be 
the associated pre- stratum. Let H x (rjp) denote the Hessian of rj v atx. Then 

(1) H x (r)p) > on T x (S p ) = Q-x + T x (S?+) = l-x + T X (S^+) and 

(2) H x ( Vp ) < onT x {Sp) x = (g-^^T,^) 1 = {t ■ x) 1 nT x {SP+) x . 

Proof. Since (q-x) 1 - C (p-x) 1 - = ker dfi p (x) this follows from Proposition 2.5 
and Proposition 4.3 (3). □ 

Corollary 6.7. If (3 £ Bp is such that \\(3\\ 2 is a minimum value of 2r/p, 
then the corresponding pre-stratum Sr is open in X and coincides with 
S G (M P ((3)). 

Proof. Let x £ Cp such that n p (x) = (3. By Proposition 6.6, Sp is open in X. 
It contains M p p {(3) nX 13 = A^ p (/3)nX /3 = -M p (/3) since ||/?|| 2 is a minimum. 
But Sc{Mp{f3)) is the smallest G-stable open set containing M. v (f3), so that 
Sg(M p {(3)) C S/3. On the other hand, 

S/3 = G ■ %(^(/3)n^)(l"+) c S G (M 9 (P)). 

□ 

The argument in the proof shows the following more general result. 

Corollary 6.8. Let x be a local minimum ofijp. Then x € Cp and the union 
of the connected components of the corresponding stratum S/3 which intersect 
K ■ x non-trivially is an open subset of X. 

Corollary 6.9. Suppose that X = G-x where x € Cp and (3 := {J-p(x). Then 

(1) GP+ -x = S?+. 

(2) S G ,{Mp P ([3)){X?) = GP-x. 

(3) KP-x = M p (P). 

(4) C p = K-x. 

Proof. In the homogeneous case the Slice Theorem for Pre-Strata gives 
us a G-equivariant isomorphism G x Gl3+ S@+ — > G • x and therefore a G- 
equivariant map p: G ■ x — > G/G^ + with G^+ ■ x = p~ l {G^ + ) = S^ + . This 
shows (1). 

Let z = q ■ x € S^ + where q £ G^+. Then lirnt— > _ tX3 exp(t/3) ■ q ■ x = h ■ x 
where /i = lim^-oo exp(t/3)qexp(— 1(3) € G' 3 . Hence we have (2). 

From (2) we obtain that M p p{P) n X 13 = ■ x. This implies (3). Now 
(3) gives A4p(K ■ (3) = K ■ x and (4) follows from Lemma 6.1. □ 
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Corollary 6.10. Let x 6 C p . Then x is a global minimum ofrjp\G. x . 

Corollary 6.11. If r]p\G ■ x has a local maximum at x, then G ■ x = K ■ x. 

Proof. If x is a local maximum of rjp, then it is a critical point of rjp. But 
every critical point of r/p on G ■ x is a global minimum. This implies that the 
set of critical points, which is a .ff -orbit, is open in G ■ x. Since K intersects 
every component of G, we have K ■ x = G ■ x. □ 

Corollary 6.12. If a G-orbit G ■ x in X is compact then G ■ x = K ■ x. 

Corollary 6.11 may be viewed as a special case of a maximal pre-stratum 
Sp. By this we mean that \\j3\\ > ||/i p (z)|| holds for every z£l. In this case 
rjp\S/3 is constant and fip maps Sp equivariantly onto K ■ (3. This implies 
that every G-orbit in Sp is a A~-orbit, hence closed. More precisely, we have 
Sp = Mp(K ■ /3) n S/3 and = M p0 {/3) n S p + = M p (/3) n XP. Note that 
this implies that coincides with a union of connected components of 
X@. Also since Sf3 = K x Kfi {Mp,i{f3) n X 13 ) we have that Sp is compact if 
X^ is compact or /i p is a proper map. 

As an easy application of these considerations we give a proof of an old 
result of Wolf ([W669]). Let X = Z be U- homogeneous, i.e, a generalized 
flag manifold, and assume that G is a real form of U c . 

Corollary 6.13. There is exactly one closed G-orbit in Z. 

Proof. We have a G-gradient map // p : Z — > p associated with a moment map 
fi: Z — > u*. Let //j denote the i^-gradient map. We may assume that the 
decomposition u c = 6©it©ip©p is orthogonal with respect to a [/-invariant 
inner product on u c . 

Since Z is compact the above discussion shows that there is a G-orbit in 
Z which coincides with a i^-orbit. We have to show that it is unique. 

Let y € Z and assume that G • y is closed in Z. We have G ■ y = K ■ y. 
Note that g-y = £- y + p- y = t- y implies that (ip) • y C (it) • y and 
T y (Z) = u ■ y + (ip) • y gives that t c • y = T y (Z). Hence A' • y is open in Z. 
Since K c is complex and acts holomorphically on Z there is only one such 
open orbit and consequently any closed G-orbit G • x = K ■ x is contained in 
K c -y. Since Z is [/-homogeneous the norm of a [7-equivariant moment map 
fi: Z — > u* is constant. Now ||/x|| 2 = ||/i£:|| 2 + ||/i p || 2 implies that x € Z is a 
critical point of r/ p if and only if it is a critical point of rj^ where r/f = ^||/^t|| 2 - 
But the critical points of rjt in K c ■ y are a A~-orbit. Hence K ■ y = K ■ x 
and we have uniqueness. □ 

7. Proper moment maps 

In this section we consider what happens in the case that fip : X — > p is a 
proper map. In this case rjp : X — > IR is a proper non-negative function, i.e., 
an exhaustion of X. Note that properness of r/ p implies that A is a closed 
G-stable submanifold of Z. 
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Let (t,x) >—¥ (ft(x) denote the local flow of the vector field grad?] p on X. 
Properness of // p implies that <pt exists for all negative t. By Lemma 2.3, the 
flow ft is along G-orbits. Note that rjp(ipt(x)) is strictly increasing unless x 
is a critical point of rjp. For z G X let C{z) denote the set of points y G X 
such that y = lim^oo (pt k (z) for some sequence which goes to — oo. Since 
we assume /i p to be proper we have the following. 

Lemma 7.1. Let z G X. Then C(z) is non empty and for every open 
neighborhood V of £{z) there exists a to G M. such that (pt(z) G V for every 
t < t . 

Proof Let I v := {t G R : t < and ip t (z) £l \ V}. Since V contains C(z) 
the properness of r]p implies that ly is compact. For to := min{t € Iy} we 
have (ft(z) G V for all t < to- d 

Corollary 7.2. For every z € X the function rjp is constant on C{z) and 
the set C(z) is connected. 

For P e Bp let C P (K ■ (3) denote C p n M P {K ■ f3) and set C p (\\/3\\) = 
C p n77 p " 1 (^||/3|| 2 ). If we set (3 := n p {x) for some x 6 C(z), then x G Cp(K-(3) = 
Cp(K • (3) H Sp C Mp{K ■ f3) fl S'/j. Since rjp is constant on C(z) we have the 
following. 

Lemma 7.3. Let z G X , x E C{z) and (3 = fip(x). Then 
C(z)c |J Cp(K.p)=Cp(\\(3\D- 

m\=m\ 

Remark 7.4. In the case that (i p is real analytic, the map (p : (— oo, 0] x Sp — > 
iSg, (t, i— > (ft{x) extends to a continuous map ip: [— oo, 0]x5^ -> S 1 ^. Then 
ip is a if-equivariant strong deformation retraction of Sp onto Cp{K ■ (3)r\Sp 
which stabilizes closures of G-orbits. In particular, the set C(z) consists of 
one point. The proof is analogous to the argument in [Ne85] (see [Sch89]) 
and uses an inequality of Lojasiewicz. 

If fip is not assumed to be proper, one can prove that ip realizes A4p as 
a strong deformation retract of a neighborhood of A4p in So = 5g(A4 p ). 
Here the same method applies since in [HSt05] it is shown that there exist 
relatively compact neighborhoods of points in Mp which have the property 
that they contain tpt{z) for all t < to if they contain ip to (z). 

If G is complex reductive one can use the existence of normal forms for 
ui and \i in order to show the existence of a strong deformation retraction 
without the assumption that \ip is analytic. 

We need the following technical result whose proof we give at the end of 
this section. 

Proposition 7.5. Let z£l and choose (3 G Bp such that C(z)nCp(K ■ (3) ^ 
0. Then there is an open neighborhood Q of Cp{K ■ (3) and a smooth function 
p: 0, — > R such that 
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(1) P>0, 

(2) n n Sp = {z E Q : p(z) = 0} and 

(3) dp(grad(r/p))(z) <Q for all z E Q.. 

The proposition has the following consequence for the flow (ft- 

Theorem 7.6 (Stratification Theorem). If p p : X — > p is proper, then X = 
DpSp where (3 runs through a complete set of representatives of K- orbits in 
B p . The union is disjoint, each Sp is a locally closed submanifold of X and 

^C^U{S 7 : || 7 || > 

Proof. Let z E X and (3 E B p such that C{z) n C P (K ■ (3) ^ 0. Choose 
an open neighborhood $7 of C P {K ■ (3) which has the properties given in 
Proposition 7.5. 

Let be an open neighborhood of C p {K-(3) which is relatively compact in 
O and let Q := n nC v (\\f3\\). Since C P (\\(3\\)\Q is compact and (C p (||/3||)\Q)n 
Sp = there is an open relatively compact neighborhood V' of C p (|j/?||)\Q in 
X such that V'nSp = 0. Then the set V := V'UQo is an open neighborhood 
of C{z) C C P (\\P\\). Let r := min{p(y) : y E V 7 dT^}. Since V> n 5/3 = 
we have p(y) > on the compact set V H f2o and therefore r > 0. The set 
ill := {y E £Iq : p(y) < r} is an open neighborhood of C P {K ■ (3) such that 

Thc\v c n. 

Since £(z)nCp(.fr-/?) 7^ there exists a to with <pt (z) E Qi. By Lemma 7.1 
we may assume that tft(z) E V for all t < to- We claim that <£>t(z) € fii 
for all t < to- It suffices to show that 1^ := {t E M : t < to, (ft(z) E S7i } 
is connected since it is not bounded from below. If this would not be the 
case then we would find a connected component I\ = (ai,t\) = {t E Iq 1 : 
a\ < t < ti} of Iq 1 where a\ is possibly —00 and t\ < to- Then ifti{z) G 
V fl (fii \ f2i), i.e., p{tpt-i{ z )) = r i an d p{<-Pt{,z)) < r f° r ai l * € ii. This 
contradicts ai < ti < to, since t 1— > p{if-t(z)) is defined and increasing for 
all t in a sufficiently small open interval which contains t\. 

Now assume that z Sp. Since p((pt(z)) > for all t < to and f 1— > 
p(ip- t (z)) is increasing there is no x E C(z) (lC p (K ■ (3) C Sp with p(x) = 0. 
This contradiction proves that z E Sp and shows that X = {JpSp. The 
union is disjoint and we also have Sp C Sp U {5 7 : ||7|| > ||/?||} by the 
Pre-Stratification Theorem 5.5. □ 

In the proof we have seen that z E Sp if L(z) fl C P (K ■ (3) 7^ 0. With 
Lemma 7.3 we obtain 

Corollary 7.7. Let z E Sp. Then C{z) C C P (K ■ /3). 

We have the following characterization of Sp. 
Corollary 7.8. Let p p be proper and (3 E B p . Then 

Sp = {zEX:f3E p P {G~z) and \\j3\\ < \\p p (g • z)\\ for all g E G} 
= {zEX: C(z)nC p {K ■ (3) / 0}. 
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Remark 7.9. In general we have Sp C {z 6 X: (3 G Pp(G ■ z) and < 
\\fip(g ■ z)\\ for all g G G}. 

We now work towards a proof of Proposition 7.5. 

As in Section 2, if x is a zero of a vector field (on X, then <i((x) denotes 
the corresponding endomorphism of T X (X). 

Lemma 7.10. For x G C p and (3 := p>p{x) we have 

(1) dgrad7? p (x) • v = (dftxix)) ■ v + (dp v (x) ■ v)x{x) for all v G T X (X) 
and 

(2) the linear map L: T X (X) — > T X (X), v h- > (dp p (x) ■ v)x(x) maps 
T x (Sp) into itself and is zero on T x {Sp)^. 

Proof. Let 7 be a smooth curve through x G C p such that 7(0) = x and set 

v := ||o7(*)- Wehavegradr ?p ( 7 (t)) = /ip^WkW*)) = grad^ (7( * )) ( 7 (t)) 
and/x p (7(t)) = p v (x) + t-dpp(x)-v + t 2 R(t) for a continuous map R(t). Since 

gradr /p ( 7 (t)) = grad^ (x) (7(t)) + t grad^^M*)) + i 2 grad M f W ( 7 (i)) 
we have dgrad^ p (x) • v = dfix( x ) ' ^ + (dp-p(x) ■ v)x(x) proving (1). We also 
have (2), since q ■ x C T x (Sp) and kerdp p (x) = (p • x)- 1 . □ 

Proof of Proposition 7.5 . Let be an open neighborhood of Sp in X 
which is diffeomorphic to the normal bundle T(Sp) ± \Sp of Sp in X such 
that Sp corresponds to the zero section. Using this identification we define 
p: fio - ► K> p(^) = (^)^)Tr(^) where 7r: T^Sp^lSp — > S 1 ^ denotes the canoni- 
cal projection and (•, -^(v) denotes the inner product on T n r v \(X). Then we 
have p > and n ^ = {j/ G fio : p(y) = 0}. 

For xo G Cp(K-f3) there exists an open neighborhood [To of xo in which 
can be identified with R n x R m where xq corresponds to 0, Sp corresponds 
to R n x {0} and the normal space T^Sp) 1 - corresponds to {x} x R m for 
x G Uq n Sp. Furthermore, this identification can be chosen such that p has 
the form p{vi,v 2 ) = \\v 2 1| 2 on R n x R m . 

Expressing the content of Lemma 7.10 in these coordinates we obtain 

grad7? p (t>i,t> 2 ) = dp x (0)(vi,v 2 ) + L(v\) + 0(||?;i|| 2 + ||t>2|| 2 ) 

where L is a linear mapping from R n to R n . 

Since d/3x(0) has only negative eigenvalues on R m , the quadratic form 
v 2 1— > (v 2 ,d{3x(0) ■ v 2 ) is strictly negative definite. Furthermore, d(3x(0) 
preserves To(Sp) and To(Sp) , so we have 

dp(grad? ?p )(t;i,i;2) = (u 2 , d/3x(0) • u 2 ) + 0(|M| 3 + ||t> 2 || 3 ). 

Thus after possibly shrinking Uq we can find a c < such that 
dp(gradrjp)(vi,V2) < c ■ p(vi, v 2 ) for (vi,v 2 ) G Uq. 

Since xo G C P (K ■ (3) was arbitrary we find a neighborhood J] C Ho of 
C P (K ■ 13) in X such that d,o(gradr/ p )(z) < if z G O. □ 
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8. Compact manifolds 

In this section we show that for a compact G-stable submanifold X of Z 
there are only finitely many pre-strata. Let a be a maximal subalgebra of p 
and A = exp a the corresponding subgroup of G. Note that A is compatible 
with the Cartan decomposition of U c . Since the corresponding ^4-gradient 
map [i a is locally constant on the smooth compact manifold X A we find that 
V := fi a (X A ) consists of finitely many points. 

In [HSt05] the following is established. 

Lemma 8.1. For x G X the image ^ a (A ■ x) is an open convex subset of the 
affine subspace fi a (x) + of a where a x := {(3 G a; (a, (3) = for all a G 
a x } denotes the orthogonal complement of a x in a. 

Proposition 8.2. Let C C X be compact and A-invariant. If the image 
Ha(C) is convex, then it is the convex hull of a subset ofV. In particular, it 
is a polytope. 

Proof. Since ^a{C) is compact and convex it is the convex hull of the set of 
its extreme points. Let (3 be an extreme point and let x G C with (i a {x) = (3. 
Since C contains A ■ x, Lemma 8.1 implies that [3 lies in an open subset of 
(3 + which is contained in /U a (C). But [3 is an extreme point so = {0}. 
Therefore a x = a and consequently x G X . □ 

Corollary 8.3. Let X be compact and x G X. Then the image fi a (A ■ x) is 
the convex hull of a subset ofV. 

Corollary 8.4. Let X be compact and (3 G Bp n o. Then [3 is the closest 
point to zero in the convex hull of finitely many elements ofV. In particular, 
Bp n o is a finite set and Bp consists of finitely many K -orbits. 

Proof. Let x G C p such that fip(x) = (3. Note that x is also a critical point 
for rj a . Applying Proposition 5.13 to the group A and Yg := A ■ x, we obtain 
that \\f3\\ < ||C|| for all £ G /U a (Ya). Since ^ a (Xp) ls the convex hull of images 
of ^4-fixed points, (3 is the closest point to the origin of a subset of V. □ 

Corollary 8.5. If X is compact, then there are only finitely many pre-strata. 

In the case where X is compact we call a pre-stratum Sp a stratum. 

9. Morse inequalities 

Let G be an arbitrary Lie group and Y a topological G-space. The G- 
equivariant cohomology Hq(Y) of Y is by definition the ordinary coho- 
mology H n (KG x^y) where EG is the total space of a universal G-bundle 
p: EG — > BG and EG xqY is the quotient of EG xY by the diagonal action 
of G. 

We define the G-equivariant Poincare series to be the power series 
Pjp(y) := J2^=o t n dim Hq(Y) where cohomology is computed with respect 
to a field IK which we omit in the notation. If G = {e} is the trivial group, 
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equivariant cohomology coincides with ordinary cohomology and we write 
P t (Y) for P t G (Y). 

Now assume that X is an orientable connected compact G-invariant sub- 
manifold of Z and that G is a closed connected compatible subgroup of U c . 
Consider the finite decomposition X = UpSp (Theorem 7.6, Corollary 8.4). 
If Sp m denotes the union of the connected components of Sp which have 
codimension m in X, then X = Up tm Sp jm is again a decomposition of X 
with closures of strata having the properties analogous to those in Theo- 
rem 7.6. In the following, cohomology is computed with coefficients in Q if 
all the strata Sp are orientable submanifolds of X and with coefficients in 
Z2 = Z/2 otherwise. 

Standard considerations in equivariant topology show that we have the 
following. 

(Morse inequalities) There exists a series R(t) with non-negative inte- 
ger coefficients such that 

t m P?(Sp, m ) - P t K (X) = (1 + t)R(t) 

P,m 

where [3 runs through a complete set of representatives of K- orbits in Bp. 

Since K is a strong deformation retract of G and the strata are G-stable 
the Morse inequalities are also valid if one replaces if-equivariant cohomo- 
logy by G-equivariant cohomology. 

The following result of [Ki84] is useful for computing equivariant coho- 
mology. 

Let Z be compact and K compact and connected. Then P^{Z) = P t (Z) ■ 
P t (BK) where BK is the base space of a universal K -bundle. 

In [Ki84] it is shown that in the case where X := Z is compact and G = K c 
is complex reductive the Morse inequalities are equalities, i.e., R(t) = 0. 
Furthermore, the strata Sp are complex and therefore orientable in this 
case. In our general situation where G is not complex reductive, there may 
exist non-orientable strata. 

Example 9.1. Let X := Z := P2(C) be equipped with the standard action 
of SL:3(C) and with the moment map induced by the Fubini-Study metric. 
Then for G = SL3(M) there are two strata, namely P2(M), which is not 
orientable, and its complement. 

We end with an example which shows that, in our situation, the Morse 
inequalities are not necessarily equalities, even in the case that X = Z. 

Example 9.2. Let U c = SL 2 (C) act on X := Z := P X (C) by g ■ [z] := [gz]. 
Then the moment map with respect to the Fubini-Study metric is given 
by ^([2]) = f< z z where < •, • > is the standard Hermitian product on 
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C 2 . Let G = SL 2 (M). Then K = S0 2 (R) = S 1 and p is the set of real 
symmetric matrices of trace zero. One can show that Fi(C) decomposes 
into two orientable strata, namely Sc(Mp) = G ■ [1, i] U G ■ [1, — i] and S := 
G ■ [1,0] = K ■ [1,0] QZS 1 . 

For S , a universal bundle is given by p: S°° — > Poo(C) where S 100 := 
lim^oo 5 2n+1 , Poo(C) := lim^ooP,, (C) and p is induced by the projections 
S 2n+i _^ s 2n+l /S l ^ P n (C) where S 1 acts by multiplication on S 2n+1 C 

C n+1_ 

We have 

Pf(Pi(C)) = P t (Pi(C)) • P t (BK) = (1 + t 2 ) ^ t 2n = 1 + 2 X] * 2n - 

n>0 n>l 

Since [l,i] (resp. [1, — i]) can be realized i^-equivariantly as a strong defor- 
mation retract of G ■ [l,i] (resp. G ■ [1, — i]), we have 

P t K (S G (M p )) = P t K (G • [l,i]) + P t K (G • [1, -i]) = 2 • P t (EK x K [l,i]) 

= 2 • P t {BK) = 2 • ]T t 2 ™. 

n>0 

For the second stratum we get 

(5) = P t (EK) = 1. 
Finally we get the Morse inequalities 

t° • Pf (5 G (M P )) + t 1 • Pf (5) - Pf (Pi(C)) = 2^t 2 " + i-(l + 2^ * 2n ) 

n>0 n>l 
= 1 + 1 
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